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Optimization Problems
min
x∈RN

f (x): f smooth & convex & L Lip. Const.

Solver: plain→ gradient descent O( 1
k ) xx+1 = xk − 1

L ∇x f (xk )

Nest. Acc. O( 1
k2 ) xx+1 = vk − 1

L ∇x f (vk ), vk+1 = t1
k xk + t2

k xk+1

→ Cubic reg. (Nest. 06 MP)→ Acc. version (Nest. 08 MP)
min
x∈RN

f (x) + g(x): g nonsmooth & convex & L Lip. Const. of f (x)

Define Proxg(x) = argminv
1
2‖v−x‖2

2 + g(v)
Solver: plain→ proximal gradient method

xk+1 = Proxg(xk −
1
L

∇x f (xk ))

Nest. Acc. (APM or FISTA)

xx+1 = Proxg(vk −
1
L

∇x f (vk )), vk+1 = t1
k xk + t2

k xk+1

min
x1,x2,···

f (x1,x2, · · ·): block coordinate descent and acc. version

Many others...
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Generalizing Nesterov’s Acceleration
Can we accelerate an abstract solver by Nesterov’s scheme?

Looks possible and we have some answers

T. Hong and I. Yavneh, NLAA, 2022.
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Problem Formulation

We consider (A� 0)

min
x∈RN

1
2

xT Ax− f T x ⇔ Ax = f

Nest. formulation:

xk+1 = Bvk + Constant
vk+1 = xk+1 + ck (xk+1−xk )

B iteration matrix, e.g., B = I−ak A (gradient descent)

Next question: how to choose ck & can we get acceleration?

The answer is positive at least for some B
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Optimal Acceleration→ The Choice of ck

Assumption: B only has real eigenvalues.

−1 < b1 ≤ ·· · ≤ bN < 1 (eigenvalue B) & ccr (b) = 1−
√

1−b
1+
√

1−b

Theorem
Let −1 < b1 ≤ bN < 1→ c∗ = ccr (g(b1,bN))

g(b1,bN) =


bN , bN ≥−3b1,

−8bN b1(b1+bN)
(b1−bN)2 , −1

3 b1 < bN <−3b1,

b1, bN ≤−1
3 b1,

yielding conv. factor

r∗ =


1−
√

1−bN , bN ≥−3b1,
r(c∗,b1) = r(c∗,bN), −1

3 b1 < bN <−3b1,√
1−b1−1, bN ≤−1

3 b1.

r(c,b) =
1
2

∣∣∣(1 + c)b + sgn(b)
√

(1 + c)2b2−4cb
∣∣∣



24/96

Optimal Acceleration→ The Choice of ck

Assumption: B only has real eigenvalues.

−1 < b1 ≤ ·· · ≤ bN < 1 (eigenvalue B) & ccr (b) = 1−
√

1−b
1+
√

1−b

Theorem
Let −1 < b1 ≤ bN < 1→ c∗ = ccr (g(b1,bN))

g(b1,bN) =


bN , bN ≥−3b1,

−8bN b1(b1+bN)
(b1−bN)2 , −1

3 b1 < bN <−3b1,

b1, bN ≤−1
3 b1,

yielding conv. factor

r∗ =


1−
√

1−bN , bN ≥−3b1,
r(c∗,b1) = r(c∗,bN), −1

3 b1 < bN <−3b1,√
1−b1−1, bN ≤−1

3 b1.

r(c,b) =
1
2

∣∣∣(1 + c)b + sgn(b)
√

(1 + c)2b2−4cb
∣∣∣



25/96

Remarks
• ck → c

• Nest. can converge even for some divergent B (whose spectral
radii are larger than 1). Relax assumption from
−1 < b1 ≤ bN < 1 to −3 < b1 ≤ bN < 1.
• Optimal step-size 4

3L

• AR = log r∗

logbN
bN conv. factor (plain)
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B Complex Eigenvalues

Denote by bc = b̄cejθ

j : imaginary unit; b̄c : modulus; θ ∈ (−π,π]: argument

Theorem
In addition to −1 < b1 ≤ ·· · ≤ bN < 1 of B,
B also has complex eigenvalues.
Then, c∗ and r∗ remain valid if the modulus of all complex eigenvalues
satisfies

b̄c ≤


1
3 bN bN ≥−3b1

min(|b1|, |bN |) −1
3 b1 < bN <−3b1 .

−1
3 b1 bN ≤−1

3 b1
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Compare with RI Chebyshev Acc.
Left: b1 =−0.3 and bN = 0.9; Right: b1 =−0.5 and bN = 0.9.
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Cheb. Acc.
x1 = γ(Bx0 + Constant) + (1− γ)x0,

xk+1 = βk+1 {γ(Bxk + Constant) + (1− γ)xk}+ (1−βk+1)xk−1
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Compare with RI Chebyshev Acc.

Left: b1 =−0.3 and bN = 0.9; Right: b1 =−0.5 and bN = 0.9.
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Numerical Tests
Consider a diffusion equation:

−∇(σ(x ,y)∇u(x ,y)) = f (x ,y)

Test on three examples:
1) σ(x ,y) = 1;
2) σ(x ,y) sampled from log-normal distribution;
3) σ(x ,y) sampled from uniform distribution;
Discretized on a 1024×1024 uniform grid→ Au = f
Residual vector: rk = f −Auk ; Residual norm: ‖rk‖2;
Conv. factor: limk→∞

‖rk+1‖2
‖rk‖2

B: multigrid methods

Local relaxation

Restriction

Interpolation

Finest

Coarsest

R
estriction

In
te

rp
ol

at
io

n
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Test 1: σ(x ,y) = 1

The Poisson problem
Damped Jacobi relaxation→ B only has real eiganvalues
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PCG: preconditioned conjugate gradient

V (1,1) : multigrid method
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Test 1: σ(x ,y) = 1

The Poisson problem
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Test 2: σ(x ,y) log-normal distribution

B: Black Box multigrid method (complex)

Cheb. Acc.: invalid

V (1,1) : multigrid method
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Test 3: σ(x ,y) normal distribution

B: Black Box multigrid method (complex)

Cheb. Acc.: invalid
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Generalizing Nesterov’s Scheme
Motivation
General Nest. Acc.
Numerical Tests

Magical High-order Methods→ CS MRI Reco.
Problem Formulation
Our Suggestion
Numerical Results
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MRI: Magnetic Resonance Imaging

x true forward process A k-space y recovered x∗
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MRI: Magnetic Resonance Imaging

x true forward process A k-space y recovered x∗

y = Ax true + noise
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Problem Formulation y = Ax true +noise

Fully sample x∗ = IFFT(y)

Reco. in CS MRI→ Composite Optimization Problem

min
x∈CN

1
2
‖Ax−y‖2

2︸ ︷︷ ︸
f (x)

+R(x)

A = [Ai , · · · ], Ai = PFSi

P: downsample; F : (nonuniform) FFT; Si : sensitivity mapping

R(x): regularizer

We consider wavelet, TV, or both.
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Wavelet and TV

Wavelet Reco. λ > 0

x∗ = argmin
x∈CM

1
2
‖AT−1x−y‖2

2 + λ‖x‖1

T : wavelet transform, image T−1x∗

TV Reco.

x∗ = argmin
x∈CN

1
2
‖Ax−y‖2

2 + λTV(x)

image x∗

Wavelet and TV Reco.

x∗ = argmin
x∈CN

1
2
‖Ax−y‖2

2 + λα‖Tx‖1 + λ(1−α)TV(x), α ∈ (0,1)

image x∗
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Solvers minx∈CN
1
2
‖Ax−y‖2

2︸ ︷︷ ︸
f (x)

+R(x)

Wavelet Reco. minx∈CM
1
2‖AT−1x−y‖2

2 + λ‖x‖1→ FISTA (APM)

TV Reco.
minx∈CN

1
2‖Ax−y‖2

2 + λTV(x)︸ ︷︷ ︸
‖Dx‖1

→ APM iter. proximal mapping

Wavelet and TV Reco.
minx∈CN

1
2‖Ax−y‖2

2 + λα‖Tx‖1 + λ(1−α)TV(x)→ APM&ADMM

Proximal gradient descent:

xk+1 = argmin
u

f (xk ) + 〈∇f (xk ),u−xk〉+
1

2ak
‖u−xk‖2

2 + R(u)︸ ︷︷ ︸
Proxak R(x)=argminu ak R(u)+ 1

2 ‖u−x‖2
2

Nest. Acc.
xk+1 = Proxak R(vk −ak ∇x f (vk ))

vk+1 = t1
k xk + t2

k xk+1
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Generalizing Nesterov’s Scheme
Motivation
General Nest. Acc.
Numerical Tests

Magical High-order Methods→ CS MRI Reco.
Problem Formulation
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Our Suggestion – Complex Quasi-Newton Proximal Methods
(CQNPMs) min

x∈CN

1
2
‖Ax−y‖2

2︸ ︷︷ ︸
f (x)

+λR(x)

xk+1 = argmin
u

f (xk ) + 〈∇f (xk ),u−xk〉+
1

2ak
(u−xk )H Bk (u−xk ) + R(u)︸ ︷︷ ︸

ProxW
ak R(x)=argminu ak R(u)+ 1

2 ‖u−x‖2W , W=Bk

xk+1 = ProxBk
ak R(xk −ak B−1

k ∇x f (xk ))

Bk ≈ AH A, we use the SR1 method
CQNPMs converge faster than APMs→ iterations

Wall (CPU or GPU) time?
Slow because of ProxBk

ak R

arXiv:2303.02586
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Challenging Issues – Compute ProxW
R (x)

ProxW
R (x) = argminu R(u) + 1

2‖u−x‖2
W

R(u) = ‖ · ‖1,TV,α‖ · ‖1 + (1−α)TV

Define L : C(I−1)×J ×CI×(J−1)→ CI×J that

L(P,Q)i,j = Pi,j + Qi,j −Pi−1,j −Qi,j−1,∀i, j,

The adjoint operator of L : CI×J → C(I−1)×J ×CI×(J−1) is

LT (X) = (P,Q),

that Pi,j = Xi,j −Xi+1,j ,Qi,j = Xi,j −Xi,j+1,∀i, j .
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Compute ProxW
R (x)

For complex x ,y , we have√
|x |2 + |y |2 = max

p1,p2∈C

{
ℜ(p∗1x + p∗2y) : |p1|2 + |p2|2 ≤ 1

}
|x |= max

p∈C
{ℜ(p∗x) : |p| ≤ 1}

Then
TV(x) = max

(P,Q)∈P
ℜ

{
vec(L (P,Q))H x

}
,

‖Tx‖1 = max
z∈Z

ℜ

{
zH Tx

}
P , Z : convex sets
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Compute ProxW
R (x)

Consider wavelet and TV: ProxW
R (x) = arg minu R(u) + 1

2‖u−x‖2
W

min
x∈CN

max
z∈Z

(P,Q)∈P

‖x−vk‖2
Bk

+ 2λg(x,z,P,Q)

vk = xk −ak B−1
k ∇x f (xk ) and

g(x,z,P,Q) = ℜ

{
α〈Tx,z〉+ (1−α)vec(L (P,Q))H x

}

max
z∈Z,

(P,Q)∈P

min
x∈CN

‖x−wk (z,P,Q)‖2
Bk
−‖wk (z,P,Q)‖2

Bk

wk (z,P,Q) = vk −λB−1
k

(
αT H z + (1−α)vec(L(P,Q))

)
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Compute ProxW
R (x)
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(z∗,P∗,Q∗) = argmin
z∈Z,

(P,Q)∈P
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Bk
.

Gradient

−2λ

[
αT

(1−α)LT

]
wk (z,P,Q) APM, iter.
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Structure of Bk = D +σuuH

Define σ = 1/〈mk −H0sk ,sk〉 & D = H0

Algorithm 1 SR1

Initialization: γ > 1, δ = 10−8, Ξ > 0 a fixed real scalar, xk , xk−1,
∇f (xk ), and ∇f (xk−1).

1:
...

2: Set sk ← xk −xk−1 and mk ← ∇f (xk )−∇f (xk−1).

3: Compute τk ← γ
‖mk‖2

2
〈sk ,mk 〉 . % 〈a,b〉= bH a

4:
...

5: H0← τk I .
6: uk ←mk −H0sk .

7: Bk ← H0 +
uk uH

k
〈mk−H0sk ,sk 〉 .
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Only Wavelet
(z∗,P∗,Q∗) = argmin

z∈Z,
(P,Q)∈P

‖wk (z,P,Q)‖2
Bk
.

Gradient

−2λ

[
1T

(1−1)LT

]
wk (z,P,Q)

Solve minx∈CM
1
2‖AT−1x−y‖2

2 + λ‖x‖1

Theorem (Becker19 SIAMOPT: real→ complex)
Let W = D±uuH . Then,

ProxW
λR(x) = ProxD

λR(x∓D−1uβ
∗),

where β∗ ∈ C is the unique zero of the following nonlinear equation

J(β) : uH (x−ProxD
λR(x∓D−1uβ)

)
+ β.

Bk = D + σuuH and σ = 1/〈mk −H0sk ,sk〉 is real
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What is More: TV + Wavelet?

Wavelet and TV:
Gradient

−2λ

[
αT

(1−α)LT

]
wk (z,P,Q)

Partially smooth:

min
x∈CN

1
2
‖Ax−y‖2

2 + λα ·Sη
(
‖Tx‖1

)
︸ ︷︷ ︸

f (x)

+λ(1−α)TV(x)︸ ︷︷ ︸
R(x)

Sη(‖x‖1) = ∑
N
n=1

√
x2

n + η
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Generalizing Nesterov’s Scheme
Motivation
General Nest. Acc.
Numerical Tests

Magical High-order Methods→ CS MRI Reco.
Problem Formulation
Our Suggestion
Numerical Results
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Experimental Settings
• Took k-space data from NYU fastMRI dataset

• Applied the ESPIRiT algorithm to recover the complex images

• Cropped the images to size 256×256 with maximum magnitude
scaled to one

• Formulated the simulated k-space data with a given trajectory

• Added Gaussian noise with mean zero and variance 10−2 to all
coils to form the final measurements

96 radial projections, 512 readout points, and 12 coils
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Wavelet
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Wavelet+TV

Ours: CQNPM & S-CQNPM
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Thanks & Questions?
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