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We consider (A > 0)

1
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Nest. formulation:
Xk+1 = Bvx+ Constant
Vktt = Xkt + Ck(Xip1 — Xi)

B iteration matrix, e.g., B = I — a,A (gradient descent)
Next question: how to choose ¢ & can we get acceleration?

The answer is positive at least for some B
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Assumption: B only has real eigenvalues.

—1< by <--- < by <1 (eigenvalue B) & c¢(b) = :;ﬁ%
Theorem

Let—1 < by < by <1—c* =cy(g(b1,bn))

bNJ bN 2 _3b17

g(br,by) = { 2B 1p, < by < —3by,

b, by < —1b,
yielding conv. factor
1—+/1— by, by > —3by,

r= I’(C*,i.’h):I'(C*,b/\/)7 —%b1<b/\/<—3b1,
VI—b -1, by < —3by.

r(c,b) = % (14 c)b+ sgn(b)\/(1+ ¢)2b2 — 4cb
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e Nest. can converge even for some divergent B (whose spectral
radii are larger than 1). Relax assumption from
—1<b<by<t1to—-3<b <by<1.
e Optimal step-size 5;

e AR= I'(‘)’ggg; by conv. factor (plain)
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B Complex Eigenvalues

Denote by b¢ = b°e/®

J: imaginary unit; b°: modulus; 6 € (—=, ]: argument
Theorem

In addition to —1 < by < --- < by <1 of B,

B also has complex eigenvalues.

Then, c* and r* remain valid if the modulus of all complex eigenvalues
satisfies

%bN by > —3by
min(|bi|,[bn|) —3bi < by < —3b.
—3b by < —3 by

o
o
IA




Compare with Rl Chebyshev Acc.
Left: by = —0.83 and by = 0.9; Right: by = —0.5 and by = 0.9.
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X1 = PBr1 {y(Bxx+ Constant) 4+ (1 — ) Xk } + (1 — Brr1) Xk—1




Compare with Rl Chebyshev Acc.
Left: by = —0.3 and by = 0.9; Right: by = —0.5 and by = 0.9.
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Numerical Tests
Consider a diffusion equation:
_V(G(va)vu(xay)) = f(va)
Test on three examples:
o(x,y)=1;
2) o(x, y) sampled from log-normal distribution;
3) 6(x,y) sampled from uniform distribution;
Discretized on a 1024 x 1024 uniform grid — Au = f

Residual vector: ry = f — Aug; Residual norm: ||rk||2;
llrict11l2
Mrell2

Conv. factor: limg_seo

B: multigrid methods

Finest

Local relaxation

Restriction

Interpolation

uonousay
Interpolation

04

Coarsest
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The Poisson problem
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Problem Formulation y = Ax"¢ 4 noise

Fully sample x* =IFFT(y)
Reco. in CS MRI — Composite Optimization Problem
.1 >
min —[|Ax — y|3 +R(x)
xeCN 2
|
f(x)
A=[A;, -], Ai= PFS;
P: downsample; F: (nonuniform) FFT; S;: sensitivity mapping
R(x): regularizer

We consider wavelet, TV, or both.




Wavelet and TV

Wavelet Reco. A>0

N .1 _
x* = argmin | AT~ x — y|§+Mx]|

xeCM

T: wavelet transform, image 7~ ' x*
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x* = argmin | AT x — y B + 2 x|

xeCM
T: wavelet transform, image 7~ ' x*

TV Reco.
X —argm1nf||Ax y|3+ATV(x)

xcCN

image x*
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Wavelet Reco. A>0

x* = argmin | AT x — y B + 2 x|

xeCM
T: wavelet transform, image 7~ ' x*

TV Reco.
X —argm1nf||Ax y|3+ATV(x)

xcCN

image x*

Wavelet and TV Reco.

x* = argmlanAx y||2+7uoc||Tx||1 +A(1 —a)TV(x), a€(0,1)

xeCN

image x*
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f(x)
Wavelet Reco. minyecw 3||AT~'x — y||3 4+ A||x|[s — FISTA (APM)

TV Reco.
minyecn 3 ||Ax — y||3+ATV(x) — APM iter. proximal mapping
[[Dx||

Wavelet and TV Reco.
minyeen 5 ||Ax — y||3 4+ Ao Tx|[s + A(1 — @) TV(x) — APM&ADMM
Proximal gradient descent:

: 1
X1 = argmin f(xy ) + (VF(X), u— x) + EHU — x¢||5+ R(u)
u K

Prox g, a(x)=argmin, ax A(u)+ 5 [lu—x||3

Nest. Acc.
Xk+1 = PI‘OXakR(Vk — akaf( Vk))

1 2
Vi1 = b Xk + b X1




Magical High-order Methods — CS MRI Reco.

Our Suggestion




Our Suggestion — Complex Quasi-Newton Proximal Methods

(CQNPMs) min | Ax — y|+AR(x)
xecC ,

f(x)




Our Suggestion — Complex Quasi-Newton Proximal Methods

(CQNPMs) min | Ax — y|+AR(x)
xecC ~ ,

. 1
Xi1 = argmin f(xx) + (VF(Xi), u— Xi) + g(u— x¢)" Bx(u— x) + R(u)
u k

Proxg'll(ﬂ(x)zargminu aR(u)+ 5 |lu—x|3,, W=By




Our Suggestion — Complex Quasi-Newton Proximal Methods

(CQNPMs) min | Ax — y|+AR(x)
xecC ~ ,

. 1
Xiey1 = argmin f(x) + (VF(xi), u—xe) + 5 — (U x¢)" Bx(u— x) + R(u)
u k

w
Prox axR

Xic1 = Proxgta (X — aBy ' Vf(Xi))
By ~ AHA, we use the SR1 method

(x)=argminy, ax R(u)+ 3 ||u—x][3,, W=Bx




Our Suggestion — Complex Quasi-Newton Proximal Methods

(CQNPMs) min | Ax — y|+AR(x)
xeC ~ ,

. 1
Xi11 = argmin f(xg ) + (VF(x),u— xx) + g(u— x )" Bi(u— xx) + R(u)
u K

ProxW

aR
X1 = Prox2'a(xk — axBy ' Ve f(xk))
By ~ AHA, we use the SR1 method

CQNPMs converge faster than APMs — iterations

(x)=argminy, ax R(u)+ 3 ||u—x][3,, W=Bx




Our Suggestion — Complex Quasi-Newton Proximal Methods

(CQNPMs) min | Ax — y|+AR(x)
xeC ~ ,

. 1
Xi1 = argmin f(xx) + (VF(Xi), u— Xi) + g(u— x¢)" Bx(u— x) + R(u)
u k

Prox?W
aR
Xic1 = Proxgta (X — aBy ' Vf(Xi))
By ~ AHA, we use the SR1 method
CQNPMs converge faster than APMs — iterations

Wall (CPU or GPU) time?

(x)=argminy, ax R(u)+ 3 ||u—x][3,, W=Bx




Our Suggestion — Complex Quasi-Newton Proximal Methods

(CQNPMs) min | Ax — y|+AR(x)
xeC ~ ,

. 1
Xi1 = argmin f(xx) + (VF(Xi), u— Xi) + g(u— x¢)" Bx(u— x) + R(u)
u k

Proxglll(ﬂ
X1 = Prox2'a(xk — axBy ' Ve f(xk))
By ~ AHA, we use the SR1 method
CQNPMs converge faster than APMs — iterations
Wall (CPU or GPU) time?

Slow because of ProxfkkH

(x)=argminy, ax R(u)+ 3 ||u—x][3,, W=Bx
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(CQNPMs) min | Ax — y|+AR(x)
xeC ~ ,

. 1
Xi1 = argmin f(xx) + (VF(Xi), u— Xi) + g(u— x¢)" Bx(u— x) + R(u)
u k

Prox}¥
X1 = Prox2'a(xk — axBy ' Ve f(xk))
By ~ AHA, we use the SR1 method
CQNPMs converge faster than APMs — iterations
Wall (CPU or GPU) time?

Slow because of ProxfkkH

(x)=argminy, ax R(u)+ 3 ||u—x][3,, W=Bx

A Complex Quasi-Newton Proximal Method for
Image Reconstruction in Compressed Sensing MRI

Tao Hong, Luis Hernandez-Garcia, and Jeffrey A. Fessler, Fellow, IEEE

arXiv:2303.02586
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Challenging Issues — Compute Prox ¥ (x)

Prox§ (x) = argmin, R(u) + |ju— x||3,
R(u) =11, TV,af-[li + (1 —)TV
Define £ : CU=1*J x C*(U=1) — €™ that
L(P,Q)ij=P;j+Qj—Pi_1;—Q;j_1,Vij,
The adjoint operator of £ : C*Y — CU=1)xJ x ¢/*(U-1) jg
L7(X)=(P,Q),

that P;j = X — Xii1,, Qij = Xij — Xi j1, Vi, J.




Compute Prox ¥ (x)

For complex x, y, we have

VIx[Z+1yl2 = max {R(pix+psy): |p1[2+|p? <1}
p1,p2€C
x| = max{R (p*x) : |p| < 1}
peC




Compute Prox ¥ (x)

For complex x, y, we have
VIXR+Iy2= max {R(pix+psy):|pi?+|pef? < 1}
p1,p2€C
x| = max{R (p*x) : |p| <1}
peC
Then o
TV(x)= ma E)i{vec L(P,Q x},
(x) = max % {vec(L(P.Q))

I Tx|)s = maxR {zﬂrx}
zcZ

P, Z: convex sets




Compute Prox ¥ (x)

Consider wavelet and TV: Proxff (x) = argmin, R(u) + § [|u— x||3,

. 2

X—V 27 g(x,z,P,Q

min max|x—vig, +2Ag(x,2.P.Q)
(P.Q)e?

Vi = Xy — akB,:1fo(xk) and

9(x,2,P,Q) =R {a(Tx, z)+ (1 — o))vec (L (P, o))ﬂx}




Compute Prox ¥ (x)

Consider wavelet and TV: Proxff (x) = argmin, R(u) + § [|u— x||3,

. 2

X—V 27 g(x,z,P,Q

min max|x—vig, +2Ag(x,2.P.Q)
(P.Q)e?

Vi = Xy — akB,:1fo(xk) and

9(x,z,P,Q) =R {a(Tx, )+ (1 —a)vec (L (P, Q))ﬂx}

. 2 2
max min  [[x—wk(z,P,Q)[g, —[lwi(z.P.Q)][g,
(P,Q)eP

wi(z,P,Q) = v — AB, " (OLT}[Z—I— (1 —a)vec(L(P, O)))




Compute Prox ¥ (x)

2
max min HX—Wk(Z,P,Q)H%k—HWk(Z,P, Q)lls,
zeZ, xeCN

(P,Q)eP

wi(z,P,Q) = v — AB " (ocTﬂ{z+ (1 —a)vec(L(P, Q)))
x*=w(z,P,Q)

(z*,P*, @) = argmin [|w(z,P,Q)|%, -
zeZ,
(P.Q)e?




Compute Prox ¥ (x)

. 2 2
max min  [[x—wk(z,P,Q)[g, —[lwi(z.P.Q)][g,
(P,Q)eP

wi(z,P,Q) = v — AB " (ocTﬂ{z+ (1 —a)vec(L(P, Q)))
x*=w(z,P,Q)

(z*,P*,@") = argmin ||wi(z,P,Q)|/5, -

zeZ,
(P,@)eP
Gradient
oT )
—2A [(1 OL)LT] wk(z,P,Q) APM, iter.




Compute Prox ¥ (x)

. 2 2
max min  [[x—wk(z,P,Q)[g, —[lwi(z.P.Q)][g,
(P,Q)eP

wi(z,P,Q) = v — AB " (ocTﬂ{z+ (1 —a)vec(L(P, Q)))
x*=w(z,P,Q)

(z*,P*,@") = argmin ||wi(z,P,Q)|/5, -

zeZ,
(P,@)eP
Gradient
oT )
—2\ [(1 OC)LT] wk(z,P,Q) APM, iter.
But

wi(z,P,Q) = v — AB, | (arﬂz+ (1 — o) vec (L(P, o)))




Structure of By = D+ cuu’

Define 6 = 1/<mk — HoSk,Sk> & D= Ho

Algorithm 1 SR1

Initialization: Y > 1, 8 = 1078, = > 0 a fixed real scalar, xx, Xx_1,
Vif(xx), and VF(xx—_1).

2: Set sk + Xk — Xk—1 and my < VF(xx) — VF(Xk—1).
3: Compute Ty < y<”s ﬂ; % (a,b) = b’’a

Hy < Tl
Uy < my — Hysy.

3
ugu;
By <= Ho + (mx—Hosy,sk) "

N o a &
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Only Wavelet

(z*,P*, @) = argmin [|w(z,P,Q)|, -
zeZ,
(P,Q)eP

Gradient
1T

—2A {(1 —1)L7

|mizr.o




Only Wavelet

(z*,P*, @) = argmin [|w(z,P,Q)|, -
zeZ,
(P,Q)eP

Gradient
1T

—2A {(1 —1)L7

|mizr.o

Solve minyecm 3| AT~ x — y[|3 + A|| ]|




Only Wavelet

(z*,P*, @) = argmin [|w(z,P,Q)|, -
zeZ,
(P,Q)eP

Gradient
1T

—2A {(1 —1)L7

|wizr.0

Solve minyecm 3| AT~ x — y[|3 + A|| ]|

Theorem (Becker19 SIAMOPT: real — complex)
Let W = D+ uu?. Then,

Prox;-(x) = Prox2s(x F D~ 'uB*),
where * € C is the unique zero of the following nonlinear equation

I(B) : u”" (x — Prox2(x F D~ "uB)) +B.




Only Wavelet

(z*,P*, @) = argmin [|w(z,P,Q)|, -
zeZ,
(P,Q)eP

Gradient
1T

—2h {(1 —1)L7

|wizr.0

Solve minyecm 3| AT~ x — y[|3 + A|| ]|

Theorem (Becker19 SIAMOPT: real — complex)
Let W = D+ uu?. Then,

Prox;-(x) = Prox2s(x F D~ 'uB*),
where * € C is the unique zero of the following nonlinear equation
I(B) : u”" (x — Prox2(x F D~ "uB)) +B.

Bx = D+cuu’ and 6 = 1/ (my — Hysx, k) is real




What is More: TV + Wavelet?

Wavelet and TV:
Gradient
oT

—2h {(1 —a)L”

] wi(z,P, Q)




What is More: TV + Wavelet?

Wavelet and TV:

Gradient
oT

—2h {(1 —a)L”

:| Wk(27 P7 O)
Partially smooth:

o1
min — || Ax — y|[3 + Ao ST (|| Tx[l1) +A(1 — ) TV(x)
XxeCN 2 N—_———

R(x)

f(x)

S"([1x[l1) = Lot v/ X3+




Magical High-order Methods — CS MRI Reco.

Numerical Results




Experimental Settings

Took k-space data from NYU fastMRI dataset
Applied the ESPIRIT algorithm to recover the complex images

Cropped the images to size 256 x 256 with maximum magnitude
scaled to one

Formulated the simulated k-space data with a given trajectory

Added Gaussian noise with mean zero and variance 102 to all
coils to form the final measurements




Experimental Settings

Took k-space data from NYU fastMRI dataset
Applied the ESPIRIT algorithm to recover the complex images

Cropped the images to size 256 x 256 with maximum magnitude
scaled to one

Formulated the simulated k-space data with a given trajectory

Added Gaussian noise with mean zero and variance 102 to all
coils to form the final measurements

96 radial projections, 512 readout points, and 12 coils
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Wavelet+TV

Ours: CQNPM & S-CQNPM
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