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Abstract: In this paper, a novel structure is derived for digital filters implemented with finite wordlength (FWL). Based on a
realization of 1st order complex all-pass systems, we develop a structure for a real 2nd-order filter with complex conjugate poles,
in which the transfer functions between the two states and the input signal are in a power-complementary pair. This property
ensures that the state dynamics can be controlled easily such that no overflow occurs. In addition, a 2nd-order filter implemented
using such a structure needs 7 multiplications and 7 additions for computing each output samples, which is more efficient than
the existing optimal FWL structures. A procedure is given to extend such a structure to higher order filters and the corresponding
expression for roundoff noise gain is derived. Simulations show that our proposed structure yields the excellent finite word length
performance and outperforms the classical optimal structures in terms of reducing quantization errors.
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1 Introduction

Investigations on the effects of quantization errors which

occur in discrete-time systems such as digital filters and con-

trollers have been considered as one of the important re-

search topics in real-time applications. [1] - [8].

Consider an N th order infinite impulse response (IIR) dig-

ital filter with transfer function H(z):

H(z) =

∑N
k=0 bkz

−k

1 +
∑N

k=1 akz
−k

�
=

B(z)

A(z)
(1)

Such a filter can be realized in many different structures1

such as the direct-form-based structures. These structures

are equivalent in infinite precision but they do have differ-

ent numerical properties. In fact, although it is canonic in

number of the multipliers, the direct-form-based structures

are usually very sensitive to the parameter perturbation and

yield a large roundoff noise propagation gain. Design of low

complexity filters with high robustness against FWL errors

has become one of the hot spots. [4] - [6].

The output of a delay elements z−1 in a filter structure,

usually referred as a state signal, has to be stored as it is re-

quired by the computations in the next clock period. Since

the dynamics of the states are structure dependent, the input

signal magnitude must be scaled to be as large as possible so

as to maximize word length utilization at all the delay ele-

ments and, at the same time, it should not be so large as to

cause overflow at any of these elements. It is desired to im-

plement a filter using such a structure in which the dynamical

ranges of all the state signals be equal in a certain sense; oth-

erwise, the most significant bits of the delay elements with

small signal magnitude will not be effectively utilized. Un-

equal signal magnitudes at the delay elements will result in

a degradation in signal-to-noise ratio performance and this

was observed by Lim in [9], where the concept of peaked-
ness is proposed to measure this degradation.

1Here, a structure means a way in which the output of digital filter can

be computed with an input given.

In this paper, we propose a novel filter structure which

is based on a parallel realization of the filters. It should be

pointed out that the use of parallel structure, in which each

sub-system is either a 1st-order sector or 2nd-order sector

that is usually implemented in a direct-form-based structure,

is not new in reducing the FWL effect of parameter quanti-

zation errors. What is new in our proposed structure is that

the sub-systems are implemented using a totally new struc-

ture derived based on all-pass filters. The nice properties

of such a structure include overflow free to any normalized

inputs (measured in any norms) and very large structure ro-

bustness.

This paper is organized as follows. Some backgrounds

on digital filter implementation related issues such as quan-

tization errors, structure scaling and overflow are provided

and the problem to be considered is formulated in Section 2.

In Section 3, based on all-pass systems a novel structure

for 2nd-order filters and then extended to higher order

filters. Section 4 is devoted to analyzing the roundoff noise

performance of the proposed structure, where the expression

of the roundoff gain is derived. A design example is given in

5 to demonstrate the performance of our proposed structure

and to compare it with some of existing structures. To end

this paper, some concluding remarks are given in Section 6.

2 Preliminaries and Problem Formulation

The state-space equations below provide a class of filter

structures for implementation:{
x[n+ 1] = Ax[n] +Bu[n]
y[n] = Cx[n] + du[n]

(2)

where u[n], y[n] are the input and output of the filter, re-

spectively, x[n] ∈ RN×1 is the state vector, while A ∈
RN×N , B ∈ RN×1, C ∈ R1×N , d ∈ R are all constant,

forming a state-space realization of the filter and satisfying

H(z) = d+ C(zI −A)−1B (3)

with I denoting the identity matrix of dimension N .

4517



It is well known that the realizations are not unique and

that the realization set is characterized with

A = T−1A0T, B = T−1B0, C = C0T (4)

where (A0, B0, C0, d) satisfies (3) and T is any non-singular

(real) matrix of dimension N .

Suppose that each state is stored in Bs-bit format and that

the realization is fully parametrized with non-trivial coef-

ficients2. Therefore, each multiplication in (2) should be

rounded into a Bs-bit format in its fractional part. Under

the assumption that each roundoff error is a statically inde-

pendent white noise of variance σ2
0 , the roundoff noise gain

of the structure is defined as

G
�
=

E[|Δy[n]|2]
σ2
0

(5)

where E[.] is the statistical average and Δy[n] is the devia-

tion of the output.

The classical minimum roundoff noise realizations [2] un-

der the l2 scaling to be specified below later have a minimum

noise gain given by

G = [1 +
1

N
(

N∑
k=1

σk)
2](N + 1) (6)

with σk
�
= λk(WcWo), ∀k the singular values of the fil-

ter, where λk(M) denotes the kth eigenvalue of a matrix

M , while Wc,Wo are the controllability and observability

Gramians of the realization (A,B,C, d), satisfying{
Wc = AWcA

T +BBT

Wo = AT WoA+ CT C
(7)

These structures can reduce the roundoff noise significantly

but generally require (N+1)2 multiplications and N(N+1)
additions for computing one output sample, leading to a very

complicated implementation.

2.1 Structures for 2nd order filter implementation
One way to reduce the implementation complexity is to

realize H(z) in a cascade- or a parallel-form of a number of

1st-order and 2nd-order sub-systems with each implemented

with a robust structure against the FWL such as the normal

structures, denoted as SNF . See [2].

Recently, a low roundoff noise structure, denoted as

SWDF , was proposed in [6] for 2nd-order filters. See Fig. 1

For H(z) = b0+b1z
−1+b2z

−2

1+a1z−1+a2z−2 , the structure parameters are

given⎧⎪⎪⎨
⎪⎪⎩

μ1 =
√
1− a2, μ2 =

√
1−a1+a2

2 , μ3 =
√

1+a1+a2

2

μ6 = b1+b2−(a1+a2)b0√
2+2a1+2a2

, μ7 = b2−b1+(a1−a2)b0√
2−2a1+2a2

μ4 = −μ2, μ5 = −μ3, μ8 = 1√
1−a2

, μ9 = b0

2.2 Overflow and scaling schemes
Let xm[n] be the output of the mth delay element z−1

of a given structure and Tm(z) be the z-transform transfer

function from the input signal u[n] to this state variable.

2Here, by nontrivial parameters we mean those that do not belong to the

{−1, 0, 1}, while the parameters in this set are referred to trivial, which

cause no FWL errors at all.

�
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�
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Fig. 1: Block-diagram of the structure SWDF proposed in

[6].

Denote hm[n] be as the unit impulse response of Tm(z),
then

xm[n] =
+∞∑

k=−∞
hm[k]u[n− k]

Alternatively, note that

xm[n] =

∫ 1/2

−1/2

Tm(ej2πf )U(ej2πf )ej2πfndf

with U(ej2πf ) the discrete-time Fourier transform of u[n]
with f the normalized frequency. According to the Hölder

inequality, we can show that

|xm[n]| ≤ ||Tm(z)||p||U(z)||q, ∀ n (8)

which holds for any pair (p, q) satisfying

1

p
+

1

q
= 1, 1 < p, q < ∞ (9)

where ||S(z)||p is the Lp-norm of a (scalar) function S(z):

||S(z)||p �
= [

∫ 1/2

−1/2

|S(ej2πf )|pdf ]1/p (10)

It is assumed that there is no overflow as long as xm[n] is

absolutely not bigger than one. (8) implies that for a given

structure, the input signal u[n] causes no overflow at the mth

state node at all if there exists a pair (p̃, q̃) satisfying (9) such

that

||Tm(z)||p̃||U(z)||q̃ ≤ 1 (11)

The classical l2-scaled structures (see [2], [3]) are defined

with ||Tm(z)||2 = 1, ∀m and hence the structures can en-

sure no overflow for the class of input signals ||U(z)||2 = 1.

Note ||Tm(z)||∞ yields the maximum of the magnitude

response. Without loss of generality, it is assumed that

||Tm(z)||∞ = 1. Consider u[n] = δ[n] - the unit sam-

ple signal. As U(z) = 1 and ||U(z)||q = 1, ∀ q, one has

||Tm(z)||∞ ||U(z)||1 = 1 and hence no overflow occurs. As

the following holds:3

||Tm(z)||q ≤ ||Tm(z)||q̃, q ≤ q̃

one has |xm[n]| ≤ ||Tm(z)||1||U(z)||∞ and hence

|xm[n]| ≤ ||Tm(z)||1 < ||Tm(z)||∞ = 1

3It should be noted that the following does NOT hold: ||w[n]||q ≤
||w[n]||q̃ , q ≤ q̃.
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Since the gap between ||.||1 and ||.||∞ can be very big, the

number of bit assigned to xm[n] may not be fully used or

more seriously, xm[n] may be quantized to zero constantly if

||Tm(z)||1 is too small. Therefore, it is desired for a structure

to have a flat magnitude frequency response for each Tm(z).
This is one of the reasons that a performance measure for a

given structure, called peakedness, was proposed in [9]:

Peak(m)
�
=

||Tm(z)||∞
||Tm(z)||1 , ∀ m (12)

The smaller this value is, the flatter the magnitude response

|Tm(z)| is.

The peakedness Peak(m) reflects a property of a given

signal node. The overall peakedness of a structure can be

measured with

Peak
�
= max

m
Peak(m)

Based on the discussions above, it is desired for a

structure, besides simplicity, to have Peak close to one. This

argument motivates us to make use of all-pass filters as basic

blocks for digital filter implementation.

3 All-pass Based Digital Filter Structures

A digital filter Hap(z) is said to be all-pass if

|Hap(e
j2πf )| = 1, ∀ f ∈ [−1/2, 1/2] (13)

As well known, the N -th order (real) all-pass filters are of

the following form

Hap(z) =
z−NA(z−1)

A(z)
(14)

where A(z) = 1−a1z
−1+ · · ·− akz

−k + · · ·−aNz−N , as

defined before, with all ak are real-valued. For convenience,

the 1st order all-pass filters are denoted as Ap(α, z):

Ap(α, z)
�
=

α∗ − z−1

1− αz−1
(15)

If the transfer function Tm(z) between the input u[n] and

the m-th state xm[n] is all-pass, then Peak(m) = 1. Further-

more, if this is true for all the states, then the scaling factor

2−Bq is equal to 1, and hence the scaling is avoided.

3.1 Structures for 1st and 2nd order filters
Consider a 1st-order (real) filter of transfer function H(z)

given by H(z) = b0+b1z
−1

1−a1z−1 , which can be rewritten as

H(z) = c0 + c
a1 − z−1

1− a1z−1
= c0 + cAp(a1, z) (16)

where b0 = c0 + ca1 and b1 = −c0a1 − c. Therefore, with

u[n] and y[n] being the input and output, respectively, the

filter can be implemented with{
x[n] = a1{x[n− 1] + u[n]} − u[n− 1]
y[n] = cx[n] + c0u[n]

(17)

where the state x[n] is the output of the 1st order all-pass

filter T (z) = Ap(a1, z) excited by u[n].

Now, let us consider a 2nd-order filter given by

H(z) =
b0 + b1z

−1 + b2z
−2

1− a1z−1 − a2z−2
(18)

where A(z) = 1−a1z
−1−a2z

−2 = (1−αz−1)(1−α∗z−1),
where α = α1 + jα2 with α1, α2 are all real numbers. Such

a transfer function can be decomposed into

H(z) = c0 + h1Ap(α, z) + h2Ap(α
∗, z) (19)

where the constant coefficients c0, h1, and h2 can be deter-

mined from

B(z) = c0A(z) + h1(α
∗ − z−1)(1− α∗z−1)

+h2(α− z−1)(1− αz−1)

which yields⎧⎨
⎩

b0 = c0 + α∗h1 + αh2

b1 = − c0a1 − (1 + α∗)h1 − (1 + α)h2

b2 = − c0a2 + α∗h1 + αh2

(20)

It is noted that with {bk} real-valued, c0 is real-valued and

that h1 = h∗
2, based on the latter we can can show that

with a real-valued input u[n], the output y1[n] of the sys-

tem h1Ap(α, z) is equal to the complex conjugate of that of

the system h2Ap(α
∗, z). It is then easy to understand that

the output of the 2nd-order filter is given by

y[n] = c0u[n] + 2w[n]

where w[n] is the real part of y1[n]. Denote x[n] as the out-

put of Ap(α, z) excited by u[n], one has mathematically{
x[n] = αx[n− 1] + α∗u[n]− u[n− 1]
y1[n] = h1x[n]

(21)

Let x[n] = x1[n] + jx2[n], 2h1 = c1 − jc2. It can be

shown that (21), a complex 1st order filter, can be imple-

mented with the following equations in which the numbers

and signals involved are all real-valued:⎧⎨
⎩

x1[n] = α1(x1[n− 1] + u[n])
−α2x2[n− 1]− u[n− 1]

x2[n] = α2(x1[n− 1]− u[n]) + α1x2[n− 1]

and the output of the (real) 2nd order filter y[n] is given by

y[n] = c1x1[n] + c2x2[n] + c0u[n]

The transfer function Tk(z) form the input u[n] to the state

xk[n] can be obtained easily from the above for k = 1, 2:⎧⎨
⎩ T1(z) =

α1+(α2
2−α2

1−1)z−1+α1z
−2

1−2α1z−1+(α2
1+α2

2)z
−2

T2(z) = −α2+2α1α2z
−1−α2z

−2

1−2α1z−1+(α2
1+α2

2)z
−2

(22)

Since x[n] = x1[n] + jx2[n] is the output of the all-pass

filter Ap(α, z), one has Ap(α, z) = T1(z) + j T2(z). It then

follows from Ap(α, e
j2πf )A∗

p(α, e
j2πf ) = 1 that

|T1(e
j2πf )|2 + |T2(e

j2πf )|2 = 1, ∀ f (23)
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Note that T2(e
j2πf0) = 0, where α1 = cos(2πf0), one con-

cludes that

||T1(z)||∞ = 1, ||T2(z)||∞ ≤ 1

It follows from the fact that Ap(α, z) is all-pass that

|x[n]| ≤ ||U(z)||q (24)

Though Tk(z) is not all-pass, (24) and x[n] = x1[n]+jx2[n]
imply that

|xk[n]| ≤ ||U(z)||q, ∀ q, k = 1, 2 (25)

This means that for any input signals normalized in any Lq-

norm, that is ||U(z)||q = 1, the states of our proposed struc-

ture are automatically bounded by one and hence no over-

flow occurs in the structure. Furthermore, since x2[n] is the

output of T2(z) in response of u[n] we have

|x2[n]| ≤ ||T2(z)||p||U(z)||q
This means that the state x2[n] can be scaled by ||T2(z)||p
for a given p. With x2[n] replaced by εpx2[n], where εp

�
=

||T2(z)||−1
p , our proposed structure is then specified by⎧⎪⎪⎨

⎪⎪⎩
x1[n] = γ1(x1[n− 1] + u[n])

−γ2x2[n− 1]− u[n− 1]
x2[n] = γ3(x1[n− 1]− u[n]) + γ4x2[n− 1]
y[n] = γ5x1[n] + γ6x2[n] + γ7u[n]

(26)

where γ1 = α1, γ2 = ε−1
p α2, γ3 = εp α2, γ4 = α1, γ5 =

c1, γ6 = ε−1
p c2, γ7 = c0 and the transfer function T̃k(z)

form the input u[n] to the state xk[n] can be obtained easily

for k = 1, 2:{
T̃1(z) = γ1+(γ2γ3−γ1γ4−1)z−1+γ4z

−2

1−(γ1+γ4)z−1+(γ1γ4+γ2γ3)z−2

T̃2(z) = −γ3+2γ1γ3z
−1−γ3z

−2

1−(γ1+γ4)z−1+(γ1γ4+γ2γ3)z−2

(27)

and hence H(z) = γ7 + γ5T̃1(z) + γ6T̃2(z).
Fig. 2 gives the block-diagram of the structure specified

by (26).
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Fig. 2: Block-diagram of the proposed all-pass based struc-

ture for 2nd-order filters.

Remark 3.1:

• It is observed that for a 2nd order filter implemented

using our proposed structure, 7 multiplications and 7

additions are needed for computing each sample of the

output, a complexity slightly higher than those canon-

ical structures such as the direction-form based struc-

tures but more efficient than the SNF and SWDF .

• More importantly, our proposed structure is more ro-

bust to the input signals and hence yields a better per-

formance against overflow and the FWL effects. All

these will be demonstrated in Section 5.

3.2 Nth order digital filter implementation
Let H(z) be the transfer function of an N -th order fil-

ter that has 2Nc complex conjugate poles {αk} and Nr real

poles {rk} with N = 2Nc + Nr. Furthermore, to simpli-

fy the presentation it is assumed that there are no repeated

poles.4 Consequently, H(z) can be decomposed as

H(z) =
b0 + b1z

−1 + · · ·+ bNz−N

1 + a1z−1 + · · ·+ aNz−N

�
=

B(z)

A(z)

= d+

Nr∑
k=1

ckAp(rk, z) +

2Nc∑
k=1

hkAp(αk, z)

where α2m = α∗
2m−1, ∀ m is assumed.

Denote b
�
=

[
b0 · · · bN

]T
, θ

�
=[

d c1 · · · cNr
h1 · · · h2Nc

]T
, it can be

shown that b = Rθ, where the (N + 1) × (N + 1) matrix

R =
[
r0 q1 · · · qNr p1 · · · p2Nc

]
with r0

formed with the coefficients of A(z), that is

r0 =
[
1 a1 b2 · · · aN

]T
while qk and pk constructed with the coefficients of (rk −
z−1)

∏
∀ m �=k(1 − rmz−1)

∏2Nc

m=1(1 − αmz−1) and (α∗
k −

z−1)
∏

∀ m �=k(1−αmz−1)
∏Nr

m=1(1−rmz−1), respectively.

Therefore,

θ = R−1b (28)

As A(z), B(z) are polynomials (in z−1) of real-valued co-

efficients, it can be shown that d, ck are all real, while the

coefficients hk are complex and h2k = h∗
2k−1, ∀ k.

The output of H(z) realized using our proposed structure

is given by

y[n] = du[n] +

Nr∑
k=1

ckxk[n] +

Nc∑
k=1

yck[n] (29)

where xk[n] is the output of the 1st order all-pass filter

Ap(rk, z
−1), computed using the first equation of (17) with

a1 replaced by rk, while yck[n] is the output of the 2nd order

(real) filter

Hk(z)
�
= h2k−1Ap(αk, z

−1) + h∗
2k−1Ap(α

∗
k, z

−1)

which can be implemented using (26), where α1 and α2 are

the real and imaginary parts of αk = α1k + jα2k, c1, c2 are

the real and imaginary parts of 2h2k−1 = c1k−jc2k, and the

corresponding states are now denoted as x1k[n] and x2k[n].
In the remainder of this paper, the proposed structure in

this section is referred to as SAPF for convenience.

4If H(z) has a pole α with multiplicity m, then H(z) = H0(z) +∑m
k=1 hkA

k
p(α, z

−1) with H0(z) has no poles at z = α. The

part
∑m

k=1 hkA
k
p(α, z

−1) can be implemented using the all-pass filter

Am
p (α, z−1) efficiently. The details are not presented due to the limited

space given.
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4 Roundoff Noise Analysis

In this section, we investigate the performance of the pro-

posed structure against roundoff noises that occur in the

structure.

Let γ be a parameter in a filter structure. In an actual

implementation of less-than-double precision with rounding

after multiplication, the product γs[n] has to be rounded by

a quantizer Q[·]. Denote εγ [n]
�
= ψ(γ){Q[γs[n]]−γs[n]} as

the roundoff noise, where ψ(γ) = 1 if γ is nontrival, other-

wise, ψ(γ) = 0. In fact, the function ψ is used for indicating

the fact that γ produces no roundoff noise when it is trivial.

Roundoff noises are classically modeled as statistically inde-

pendent white processes with an uniform distribution within

[− 2−Bs

2 , 2−Bs

2 ], where Bs is the number of bits assigned for

representing the fractional part of the signals.

Denote Δy[n] as the output deviation of the filter due to

εγ [n] and F (z) as the transfer function between εγ [n] and

Δy[n]. It is well known that Δy[n] is a stationary process

and the variance σ2
Δy = E[|Δy[n]|2], which can be shown

[3] that

σ2
Δy = ψ(γ)||F (z)||22σ2

0

where σ2
0 = 2−2Bs

12 . The roundoff noise gain for γ is defined

as Gγ
�
=

σ2
Δy

σ2
0

and clearly,

Gγ = ψ(γ)||F (z)||22 (30)

where ||F (z)||2 is the L2-norm defined before.

With some manipulations it can be shown that when

F (z) = D + J(I − z−1Φ)−1L,

||F (z)||22 = tr[D(D + 2JL) + JWcJ
T ] (31)

where Wc is the controllability Gramian of the realization

(Φ, L, J,D),5 satisfying

Wc = ΦWcΦ
T + LLT

Now, let us analyze the roundoff noise effects in the pro-

posed structure for a 2nd order filter, specified by (26) in

which there are 7 multiplications involved in general.

Let εγk
[n] denote the roundoff noise due to the multiplier

γk for all k. Taking γ1 as example, we now shown how to

derive Gγ1 .

Due to the introduction of εγ1 [n], (26) becomes⎧⎪⎪⎨
⎪⎪⎩

x̃1[n] = γ1(x̃1[n− 1] + u[n])
−γ2x̃2[n− 1]− u[n− 1] + εγ1

[n]
x̃2[n] = γ3(x̃1[n− 1]− u[n]) + γ4x̃2[n− 1]
ỹ[n] = γ5x̃1[n] + γ6x̃2[n] + γ7u[n]

Denote ek[n]
�
= x̃k[n] − xk[n], k = 1, 2 and ey[n]

�
=

ỹ[n]− y[n]. It then turns out that⎧⎨
⎩

e1[n] = γ1e1[n− 1]− γ2e2[n− 1] + εγ1 [n]
e2[n] = γ3e1[n− 1] + γ4e2[n− 1]
ey[n] = γ5e1[n] + γ6e2[n]

(32)

5In a strict sense, (Φ, L, J,D) is not a realization of F (z) but of

G(z)
�
= D + J(zI − Φ)−1L = D(1− z−1) + z−1F (z).

and clearly, the transfer function, denoted as F1(z), between

εγ1 [n] to ey[n] is given by

F1(z) = D1 + J1(I − z−1Φ1)
−1L1

where the realization (Φ1, L1, J1, D1) given by⎧⎨
⎩ Φ1 =

[
γ1 −γ2
γ3 γ4

]
, L1 =

[
1
0

]
J1 =

[
γ5 γ6

]
, D1 = 0

(33)

and the roundoff noise gain Gγ1 = ψ(γ1)||F1(z)||22 can then

be computed using (31).

In the same manner, we can analysis the effect of εγ2 [n]
on the filter output. It can be shown that F2(z) = F1(z) and

hence Gγ2 = ψ(γ2)||F1(z)||22.

Using the same procedure, one can show that

F3(z) = F4(z) = D1 + J1(I − z−1Φ1)
−1L3

where L3 =
[
0 1

]T
. Furthermore, Fk(z) = 1, k =

5, 6, 7 and hence Gγk
= ψ(γk), k = 5, 6, 7.

The total roundoff noise gain of the structure is defined as

GAPF =
7∑

k=1

ψ(γk)||Fk(z)||22 (34)

The roundoff noise behavior of the structures SNF and

SWDF , proposed in [2] and [6], respectively, can be ana-

lyzed in a similar way. Due to the limited space, the results

are not presented in this paper.

The overall roundoff noise gain of the proposed structure

for a given N th-order filter with N > 2, as realized using a

parallel form, is the sum of the total roundoff noise gains of

the sub-systems of 1st-order and 2nd-order.

5 A Numerical Example And Simulations

In this section, we present an example to illustrate the per-

formance of the proposed structure SAPF and to compare it

with SNF and SWDF proposed in [2] and in [6], respective-

ly.

Example: This example is a sixth-order low-pass Butter-

worth filter of a normalized bandwidth 0.125, generated with

MATLAB command [bb, aa] = butter(6, 0.25).
As it has three complex conjugate pairs of poles, the filter

is implemented in a parallel form of three 2nd-order sectors,

each of which is implemented using the same structure Sx,

where Sx = SWDF , SNF and SAPF , respectively.

Table 1: Statistics for the three structures

G NM NA

SAPF 4.16× 101 19 19

SNF 1.19× 102 22 13

SWDF 1.58× 102 25 16

Table 1 yields the total roundoff noise gain6 and struc-

ture complexity measured by the number of multiplications

6Note both SNF and SWDF require the input signals scaled by 2−1 in

order to avoid overflow and hence the output is then scaled by and 21.
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Nm and additions NA required for computing each output

sample.

For a given structure, the peakedness of each state node is

computed and presented in Table 2.

Table 2: Peakedness for the three structures

Peak(m) SAPF SNF SWDF

1 1.4435 2.7790 2.7997

2 1.5664 3.1540 2.8102

3 1.1524 1.5424 1.4623

4 2.1785 2.0735 1.4691

5 1.0145 1.5889 1.2612

6 2.5512 2.3706 1.2270

For each structure, the actual rounding off (with states are

represented in a Bs-format) and overflow (bounded by one)

are carried out for three different input signals u[n] under

the constraint maxn |u[n]| = 1. Table 3 yields the en-

ergy of the output error sequence of the filter realized us-

ing each structure for different input signals (of 1,000 sam-

ples), where the three signals used for testing are: u1[n] =
0.4{sin(2π0.125n)+sin(2π0.2n)+sin(2π0.35n)}, while

u2[n] and u3[n] are random signals with Gaussian and uni-

form distribution, respectively.

Table 3: Energy of the output error sequence when the state

variables implemented with Bs = 12bits.

u1[n] u2[n] u3[n]

SAPF 0.0144 9.1892×10−4 0.8769

SNF 6.2356 0.0769 45.4650

SWDF 4.5314 0.1284 61.5699

The output signals in response to the inputs u1[n] and

u3[n] are shown in Fig.s 3 and 4, where the solid line yield-

s the ideal output, while the dotted, dashed and dash-dotted

lines are those for SAPF , SNF and SWDF , respectively.

0 10 20 30 40 50 60 70 80 90 100
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−0.2

−0.1

0

0.1

0.2

0.3

0.4

Ideal SAPF SNF SWDF

Fig. 3: The filter responses to u1[n] for different structures.

Remark 5.1: The results are self-explanatory. Theoretical

results show that our proposed structure has smaller structure

peakedness and hence should yield a better performance than

the two other. This is confirmed by simulations.

6 Conclusions

In this paper, based on all-pass systems a novel structure

for digital filter implementation has been derived. It has been
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Fig. 4: The filter responses to u3[n] for different structures.

shown that such a structure possesses nice properties against

FWL effects such as overflow and roundoff noise. Simula-

tions have been carried out, which demonstrate the superior

performance of our proposed structure over that of two ex-

isting ones.

This piece of work inspires the use of power-

complementary sub-systems for developing robust and

efficient filter structures. Further researches in this direction

are on-going.
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